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The random antiferromagneti two-leg and zigzag spin-1/2 ladders are investigated using the
real spae renormalization group sheme and their omplete phase diagrams are determined. We
demonstrate that the rst system belongs to the same universality lass of the dimerized random
spin-1/2 hain. The zigzag ladder, on the other hand, is in a random singlet phase at weak frustration
and disorder. Otherwise, we give additional evidene that it belongs to the universality lass of the
random antiferromagneti and ferromagneti quantum spin hains, although the universal xed
point found in the latter system is never realized. We nd, however, a new universal xed point at
intermediate disorder.
PACS numbers: 75.10.Jm, 75.10.Nr
I. INTRODUCTION
One dimensional spin systems have been extensively
studied over the last several years and a fairly deep un-
derstanding of their possible phases and orresponding
physial behavior has emerged. Although atual real-
izations are restrited to systems with a high degree of
anisotropy, one of the main motivations for these studies
is the possibility of ataloging their universality lasses.
This is speially tempting in the ase of disordered sys-
tems, sine speially powerful methods an be employed
in one dimension, whih are able to expose not only av-
erage values but full distribution funtions. One of the
most studied random one-dimensional spin systems is the
random antiferromagneti (AF) spin-1/2 hain.
1,2
Mak-
ing use of the real spae renormalization group (RSRG)
method of Ma, Dasgupta and Hu,
1
it has been shown
that, for any amount of unorrelated disorder,
3
the low-
energy physis of this system is governed by an in-
nite randomness xed point.
2
The approah to this xed
point is haraterized by the formation at dereasing en-
ergy sales of random singlets between widely separated
spins. In this random singlet (RS) phase several phys-
ial properties are universal and known.
2
For example,
the spin suseptibility χ ∼ 1/T log2 T , and the spin-
spin orrelation funtion Cij = 〈Si · Sj〉 is suh that its
mean value Cij ∼ (−1)
i−j
/ |i− j|
2
, while the typial one
|Cij |typ ∼ exp(−
√
|i− j|).
Other random systems have also been analyzed by
these methods, among whih two are of speial inter-
est to us. One is the random dimerized AF hain with
dierent distributions for odd and even links.
4
The pres-
ene of a gap in the lean version of this system provides
protetion against the introdution of disorder. There-
fore, for weak disorder, the system retains a gap (or a
pseudogap) and a spin suseptibility whih dereases to
zero with dereasing temperature. For strong enough
disorder, however, the pseudogap is destroyed and the
suseptibility diverges as a power law. The power law
exponent is non-universal and varies ontinuously with
the disorder strength, haraterizing a Griths phase.
The other system of interest is the random hain with
both AF and ferromagneti (FM) interations.
5,6
It has
been shown, using a generalization of the RSRG pro-
edure, that the low-energy behavior of this system is
governed by the formation of long lusters with large to-
tal spins. For weak disorder, this large spin (LS) phase
is universal. The magneti suseptibility diverges like a
Curie law, and the spei heat vanishes like T 1/z| lnT |,
with 1/z ≈ 0.44. However, for strong disorder, the LS
phase is no longer universal: although the magneti sus-
eptibility is still Curie-like, the spei heat exponent z
varies ontinuously with disorder.
More reently, following the disovery of spin ladder
materials,
7
attention has been drawn to oupled pairs
of spin hains. The random two-leg and zigzag ladders
are the most studied of them.
8,9,10
The two-leg ladder
is known to possess two phases:
8,9
a gapped phase, with
vanishing spin suseptibility χ (T ), and a Griths phase,
where χ (T ) diverges as a power law with ontinuously
varying exponents as T → 0. The zigzag ladder, on the
other hand, is topologially equivalent to single hains
with both nearest neighbor (nn) and next nearest neigh-
bor (nnn) interations. Initial studies were onned to
fairly small systems and onluded in favor of the exis-
tene of only one phase of the Griths type.
8
Subsequent
investigations identied the presene of a small RS phase
for weak nnn interations.
10
Furthermore, the formation
of large eetive spins, with FM and AF nn and vanish-
ing nnn ouplings at the late stages of renormalization
were taken as an indiation of a LS phase.
10
The main purpose of this work is to establish in detail
the eetive low-energy equivalene between the random
two-leg and zigzag ladders with the three random spin
hains mentioned above. We do so by means of the RSRG
method. In partiular, we will show that at low energies
the random two-leg ladder is equivalent to the dimer-
ized AF spin-1/2 hain. In the ourse of this analysis,
we will onstrut the full phase diagram of this model
and onrm the existene of only two possible phases.
Moreover, we will show that there are indeed two possi-
ble low-energy behaviors in the zigzag ladder. For small
and weakly disordered nnn ouplings, it is equivalent to a
2random AF spin-1/2 hain with its RS phase. If the nnn
interations are stronger, however, the system presents
all the harateristi features of the LS phase of a ran-
dom hain with both AF and FM ouplings. We thus
onrm the results of Ref. 10 by showing the same sal-
ing of the eetive luster sizes and total spin values with
energy as seen in those systems. However, the zigzag lad-
ders an never exhibit the universal behavior observed in
those systems at weak disorder. This is demonstrated
by an exhaustive investigation of the dependene of the
dynamial exponent z on the shape and strength of the
disorder distribution. Nevertheless, we do nd dierent
universal regions where z remains xed while the disorder
is varied. The totality of our results thus serves to show
that the universality lasses of random spin ladders an
already be found in simpler systems with nn interations
only.
The paper is organized as follows. In Se. II we in-
trodue the models we studied. The numerial results
of the RSRG proedure of both the onventional two-leg
and zigzag ladders are presented in Se. III. The unex-
peted behavior of the dynamial exponent of the zigzag
ladders is explained in Se. IV. We end with some nal
onlusions in Se. V. Appendix A disusses our method
of alulation of the dynamial exponent z and a brief
disussion of the ase of orrelated disorder is given in
Appendix B.
II. THE MODEL
We onsider the following Hamiltonian, whih de-
sribes an AF spin-1/2 hain with nearest neighbor (nn)
and next nearest neighbor (nnn) interations
H =
N−1∑
i=1
JiSi · Si+1 +
N−2∑
i=1
KiSi · Si+2, (1)
where Si is a spin-1/2 operator, N is the total number of
spins, and Ji > 0 e Ki > 0 are the nn and nnn random
oupling onstants, respetively. If Ji = 0 for even i, this
is the two-leg ladder Hamiltonian; if Ji is in general non-
zero, we have the zigzag ladder. The non-zero oupling
onstants Ji and Ki are in general independent random
variables (see, however, Appendix B). We take them to
be respetively distributed in a power-law fashion (unless
otherwise noted):
PJ (J) =
1− α
J0
(
J0
J
)α
, 0 < J < J0, (2a)
PK(K) =
1− α
K0
(
K0
K
)α
, 0 < K < K0. (2b)
The exponent α (0 ≤ α < 1) is a measure of the dis-
order strength and the ratio of utos Λ = K0/J0 gives
the typial relative strength between nnn and nn inter-
ations.
In order to study these systems we employed the RSRG
method introdued by Ma, Dasgupta and Hu.
1
Its de-
imation steps onsist in isolating the strongest bond of
the system (Ω), keeping only the lowest energy level of
the bond, and renormalizing the remaining interations
by perturbation theory. The new renormalized oupling
onstants an be either ferromagneti or antiferromag-
neti. The details of the proedure have been extensively
disussed in the published literature
5,8,9,10
and will be
skipped here. As the largest energy sale is lowered from
its initial value Ω0 = max (J0,K0), an eetive distribu-
tion of oupling onstants is generated, whih eventually
ows towards a xed point distribution. The low energy
behavior of the system is governed by the remaining `a-
tive' non-deimated spins at the sale of interest.
1,2,5
When there are initially only nn interations, further
neighbor interations are never generated.
1,2,5
By on-
trast, in our ase, the range of eetive ouplings rapidly
inreases as the RSRG is iterated (see Setion IV for more
details). However, as the xed point is approahed, in-
terations beyond nearest neighbors beome extremely
weak. If we then neglet interations weaker than a
ertain upper bound (Ωmin ≈ 10
−200Ω0)
11
the eetive
range atually extends only as far as the nearest neigh-
bors. Thus, at the nal stages of the RSRG, the ladders
renormalize to eetive nearest neighbor spin hains.
III. NUMERICAL RESULTS
In this setion we show the numerial results obtained
from the iteration of the RSRG for the two-leg and the
zigzag ladders.
A. Two-leg ladders
We rst fous on the two-leg ladders (J2i = 0). In our
simulations we used hain lengths up to N = 200, 000.
In Fig. 1, we show the behavior of the frations of nn,
nnn, and 3rd nn bonds as funtions of the energy sale
Ω. In addition, this Figure also shows the fration of
`ative' spins greater than 1/2 and the fration of anti-
ferromagneti oupling onstants as funtions of Ω. The
rst thing to note is that the only signiant ouplings at
the lowest energy sales (. 10−3.5Ω0) are nn ouplings.
Furthermore, these remaining ouplings are all antiferro-
magneti. This has been veried for all values of α and
Λ.
Another important feature of the approah to the xed
point is the dierene between the distributions of the
odd bonds and the even ones. We have heked that, at
the lowest energy sales, all the even bonds vanish while
the odd ones are distributed aording to
PJodd(J) ∼ J
−1+1/z , (3)
where z is the dynamial exponent.8,12 Thus, the sys-
tem renormalizes to a olletion of free eetive random
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Figure 1: The behavior of the frations of nearest-neighbor,
next-nearest-neighbor, and third-nearest-neighbor oupling
onstants, the fration of spins greater than 1/2, and the fra-
tion of antiferromagneti ouplings as funtions of the energy
sale Ω. The initial number of spins is N = 200, 000, the dis-
order strength is α = 0.3, and the ratio Λ = 1.0. The RSRG
is iterated until only nearest-neighbor ouplings are left. The
data are averaged over 100 samples and the relative error is
less than 2%.
dimers. The average magneti suseptibility is then given
by
2,4
χ ∼ T 1−z.
If z < 1, the density of states is suppressed at low energies
and the system has a `soft gap' (or a pseudo-gap). This is
a remnant of the Haldane-type gap
13
of the lean two-leg
ladder.
14
We therefore all it a disordered Haldane phase.
Otherwise, the system shows no suh suppression and is
in a gapless (Griths) phase.
8
We have determined the
value of z, for dierent disorder strengths (see the Ap-
pendix A for details on the method of omputation of
z). As shown in Fig. 2, for Λ = 1, a transition between
these two phases ours when α ≈ 0.3. In both phases
the system is strongly dimerized. Within the length sale
of the size of the eetive dimers, the orrelations deay
as a power law. We believe this deay is similar to the
ase of random Heisenberg hains (∼ 1/r2), sine there
are equal ontributions oming from even and odd bond
deimations. At larger length sales, the orrelations are
strongly (exponentially) suppressed. This overall behav-
ior is apparent in Fig. 5 of Ref. 9. The rossover between
the two regimes is governed by the eetive dimer sizes,
whih are primarily determined by Λ not α.
Calulating the dynamial exponent z for various val-
ues of Λ and α, one an onstrut the phase diagram of
the two-leg ladder (Fig. 3). In the transition line, the dy-
1 1.5 2 2.5
x=(1−α)−1
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Two−leg ladder
z=0.68*x + 0.025
Λ=1.0
Figure 2: Variation of the dynamial exponent z with the
disorder strength α for Λ = 1.0. N = 200, 000 is the initial
number of spins in the ladder and the RSRG is iterated un-
til there are only nearest-neighbor bonds left. The data are
average over 5 samples and the relative error is about 3%,
omparable to the symbol size.
namial exponent equals one and the low-energy density
of states and the magneti suseptibility as T → 0 are
both onstant.
From the inset of Fig. 3, we note that for Λ . 10−2
the system is always in the Griths phase. We an un-
derstand this in the following manner. In the limit of
Λ → 0, the system redues to a olletion of dison-
neted dimers (the `rungs' of the ladder), whose ou-
plings are distributed aording to Eq. (2a). Therefore,
z = (1− α)
−1
≥ 1 and the system is always in a Grif-
ths phase. For small Λ, this behavior is preserved. For
10−2 < Λ < 1.53, the Haldane-type gap of the lean
system gives rise to a `soft gap' upon the introdution
of weak disorder. For large disorder, the Griths phase
re-emerges, with a diverging non-universal magneti sus-
eptibility. For Λ > 1.53, only the Griths phase exists.
This behavior smoothly onnets with the Λ → ∞ limit
of two disonneted random Heisenberg hains, whih is
governed by the innite randomness xed point.
2
For-
mally, this limit orresponds to z → ∞. We note that
for any value of Λ, there are only two types of phases.8,9
We stress the high degree of similarity between the dis-
ordered two-leg ladder and the dimerized random antifer-
romagneti hain,
4
whih also shows analogous phases to
the ones disussed here. Indeed, in both ases the RSRG
ow leads to a xed point with nn antiferromagneti in-
terations only but with dierent distributions for even
and odd bonds. Thus, the two systems learly belong to
the same universality lass.
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Figure 3: Phase diagram of the random two-leg ladder. The
disordered Haldane phase is haraterized by a `soft gap' (or
pseudo-gap), whereas in the Griths phase, the disorder om-
pletely destroys this remnant of the Haldane gap. In both
phases the system is dimerized. The data error is about the
size of the symbols.
B. Zigzag ladders
We now onsider the zigzag ladders, with oupling on-
stants distributed aording to Eq. (2). We studied lad-
ders with initial lengths of N = 640, 000.
Yusuf and Yang
10
have alulated the ratio of the av-
erage nn interations to that of further neighbor inter-
ations in zigzag ladders with orrelated disorder. They
have shown that this ratio inreases tremendously as the
energy sale is lowered. Indeed, if we plot the fration of
nn, nnn, and 3rd nn interations as funtions of Ω, for
α = 0 and Λ = 1 (see Fig. 4), we an see that only nn
bonds survive at the lowest energies (≈ 10−15Ω0). This
is similar to the ase of two-leg ladders, as shown in Se-
tion III A, and was veried in our simulations, irrespe-
tive of the values of α and Λ. However, in ontrast to the
two-leg ladder ase, the nn bonds are not all antiferro-
magneti. The asymptoti number of ferromagneti and
antiferromagneti bonds is about the same, as shown also
in Fig. 4. Finally, as also pointed out in Ref. 10, there
is a rapid proliferation of spins greater than 1/2. This
is typial of the so-alled Large Spin (LS) phase found
in disordered Heisenberg hains with both FM and AF
interations.
5
As we will see, this similarity is not fortu-
itous.
One of the distinguishing features of the disordered
hains with both FM and AF interations is the re-
lation between the average spin size and the average
luster length. The average luster size is related to
the energy sale through the dynamial exponent z by
−20 −15 −10 −5 0
log10 Ω/Ω0
0
0.2
0.4
0.6
0.8
1
Zigzag Ladder
n. n.
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NS>1/2/Nspin
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Λ=1.0
Figure 4: The fration of nearest-neighbor, next-nearest-
neighbor, third-nearest-neighbor, the fration of spins greater
than 1/2, and the fration of AF ouplings for zigzag ladders
as funtions of the energy sale Ω. The initial number of spins
is N = 640, 000, the disorder strength is α = 0 and the ratio
Λ = 1.0. The renormalization group is iterated until all the
bonds in the system are between nearest-neighbors only. The
data are averaged over 5 samples. For Ω/Ω0 ≥ 10
−10
the data
relative error is less than 2%, otherwise, it is less than 8%.
< l >∼ ρ−1 ∼ Ω−1/z and the average spin size grows
with the lowering energy sale aording to < S >∼ Ω−κ.
Both behaviors are observed in the zigzag ladders as
shown in Fig. 5. As rst pointed out by Westerberg et
al.,
5
the two exponents are related by 1/z = 2κ in random
hains with both FM and AF interations. This follows
from the fat that the main deimation proess is not
singlet formation but rather the formation of large spins
from the random addition and subtration of spin pairs.
As a onsequene, the luster growth is haraterized by
a random walk in `spin size spae'. Again, we nd this
relation also holds for the zigzag ladders (κ ≈ 0.069 and
1/z ≈ 0.14 for the hain of Fig. 5). This is evidene that
the zigzag ladders belong to the same universality lass
of the disordered hains with FM and AF interations.
Our simulations also show that the xed point distri-
butions of FM and AF link exitation gaps are the same,
with a harateristi power law dependene
15
PAF (∆) = PF (∆) = P (∆) ∼ ∆
−1+1/z , (4)
where z is the same dynamial exponent obtained from
the relation between < l > and Ω (see below for an ex-
planation).
An interesting feature of the zigzag ladders is the fol-
lowing. In general, the total xed point distribution of
link exitation gaps is a linear ombination of AF and
5−20 −15 −10 −5 0
log10 Ω/Ω0
−1
0
1
2
3
4
Zigzag Ladder
log10 <l>
log10 <S>
α=0
Λ=1.0
Figure 5: The average luster size < l > and the average spin
size < S > as funtions of the energy sale Ω. From a diret
t we get < l >∼ Ω−0.14 and < S >∼ Ω−0.069 . The initial
length of the system is N = 640, 000, α = 0 and Λ = 1.0. The
renormalization group is iterated until only nearest-neighbor
ouplings are left. The data were averaged over 5 samples and
the sample to sample variation is less than 5%.
FM ontributions, namely,
P (∆) =
1
Ω
[
x
zAF
(
Ω
∆AF
)1−1/zAF
+
1− x
zFM
(
Ω
∆FM
)1−1/zFM]
,
where the rst and seond terms ome from the AF and
FM link distributions, respetively, and x is the fration
of AF ouplings. In our simulations, the fration of AF
bonds is x ≈ 0.53 in the LS phase. The relation between
length sale and the energy sale is given by
2
dρ
dΩ
= P (∆ = Ω)ρ. (5)
The oeient in front of P (∆ = Ω) is taken to be 1
beause the main deimation proess replaes 2 spins by
1. Solving Eq. (5) we get
ρ ∼ Ω1/z
with
1/z = x/zAF + (1− x)/zFM . (6)
This general relation seems to have been unnotied in
previous studies. In partiular, we note that weakly dis-
ordered hains with both AF and FM ouplings have
1/zFM ≈ 0.56, 1/zAF ≈ 0.30, and x ≈ 0.63,
5
so that
1/z ≈ 0.40 whih is reasonably lose to the value of
0.44 ± 0.02 found diretly in the simulations of Ref. 5.
In ontrast, in the zigzag ladders, we have found zAF =
zFM , irrespetive of the value of x (x ≈ 0.53 in the LS
phase). As a result, zAF = zFM = z.
Now, we would like to explore the disorder dependene
of the dynamial exponent z. Fig. 6 illustrates the be-
havior of z as a funtion of the disorder parameter α
for various values of Λ. Note that the smallest value
of z is 1/0.15. Westerberg et al. have found that for
a range of weak disorder strengths, random hains with
both FM and AF ouplings are haraterized by a uni-
versal value of zU = 1/0.44.
5
Strongly singular disor-
der distributions, however, show non-universal disorder-
dependent values of z. As an be seen from Fig. 6, for
initial power-law distributions of ouplings, zigzag lad-
ders always have z > zU and are never in the basin of
attration of the universal behavior.
0 0.2 0.4 0.6 0.8 1
Disorder α
0
0.05
0.1
0.15
0.2
1/
z
Zigzag Ladder
Figure 6: Variation of the dynamial exponent z with the
disorder parameter α for dierent values of Λ. From top to
bottom, the solid lines with irles orrespond to Λ = 1.0, 0.6,
0.4, 0.2, 0.1, 0.05, and 0.0025, whereas the dashed lines with
stars are for Λ = 0.8−1, 0.6−1, 0.4−1, 0.2−1, 0.1−1, 103, and
106. N = 640, 000 is the initial number of spins in the ladder
and the renormalization group is iterated until the bonds in
the system are nearest-neighbor only. The data relative error
is less than 10%, about the size of the symbols.
For α ≤ 0.6 the behavior of 1/z is linear in α
1/z = aα+ b.
Note that, for Λ ≥ 1.0, a = 0 and for 1.0 < Λ < 1/0.4
the system ows to a new universal xed point where
1/z = 0.15± 0.02. This is similar to the random AF and
FM hain
5
but the value of the dynamial exponents are
dierent. We note from the general trend of the urves
in Fig. 6 that the origin of this universal behavior seems
to be the non-monotoni behavior of z as one goes from
Λ . 1 to Λ & 1 (see also Fig. 7 below). This behavior, on
6the other hand, an be understood from simple physial
arguments as shown below in Setion IV.
For Λ ≤ 0.4 all the lines have the same slope a =
0.039 ± 0.001 and the interept b varies in a logarithm
manner with Λ, i.e., b = b1 + b2 ln Λ, where b1 =
0.12 ± 0.01 and b2 = 0.020 ± 0.001. Thus, there is a
phase transition at the value of α where the dynamial
exponent diverges, α = αc (Λ) = − (b2 ln Λ + b1) /a. For
α ≤ αc (Λ), the system is governed by an innite ran-
domness xed point where the magnitude of the spins
does not grow and the FM ouplings vanish. Indeed, the
presene of suh a RS phase was observed by Yusuf and
Yang
10
by diret alulation of z. Hene, we onlude
that the system presents two phases. In the greater part
of phase diagram it is in the LS phase, with a new univer-
sal xed point in the region 1.0 < Λ < 1/0.4 and α < 0.6.
In addition, there is a tiny region where the system is in
a RS phase.
For α > 0.6, all the urves onverge to the point
α = 0.95 and z = 1/0.05. Note in this onnetion that
α = 0.95 orresponds to an initial distribution whih is
the same as the xed point one if z = 1/0.05, f. Eqs. (2a)
and (4). This is a reetion of the inability of the dei-
mation proedure, whih is dominated by rst order per-
turbation theory steps, to generate distributions whih
are more singular than the initial one.
0 2 4 6 8 10
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Figure 7: Variation of the dynamial exponent z with the
ratio Λ for initial `box distributions with a gap' (δ = 0.05, see
text for details). N = 200, 000 is the initial number of spins
in the ladder and the renormalization group is iterated until
the bonds in the system are nearest-neighbor only. The data
relative error is less than 5%, about the symbol size.
One might think that the universal behavior of disor-
dered hains with AF and FM interations where z = zU
ould be realized in zigzag ladders with disorder distri-
butions whih are not as singular as Eq. (2). This is not
the ase, however, as exemplied by the ase of a `box
distribution with a gap', where the initial distributions
are uniform and have support in J0 − δ < J < J0 and
K0 − δ < K < K0 (we take max{J0,K0} = 1). We
have explored several values of δ and found z to be al-
ways greater than zU . This is seen, for example, in the
extreme ase of δ = 0.05 in Fig. 7, where we plot 1/z
as a funtion of Λ. Note that there is a phase transi-
tion at Λ = 0.4. To the left of this point, the system
is in a RS spin-1/2 phase and the dynamial exponent
diverges z ∼ − lnΩ. For Λ > 0.4, the system is in the
LS phase. The smallest value of the dynamial exponent
is z = 1/0.22 (still greater than the universal zU found
by Westerberg et. al) and for Λ & 10, z saturates at
z = 1/0.11. We onlude that the LS phase of the zigzag
ladders is in the same universality lass of random FM
and AF hains with strong disorder but it does not reah
the universal region found in those hains when the dis-
order is weak. It should be remembered that the lean
system is gapless if Λ . 0.24 but spontaneously dimer-
ized and gapful if Λ & 0.24.16 The topologial nature of
the dimerized state, however, makes it unstable with re-
spet to any nite amount of disorder and the random
system is always gapless.
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Figure 8: Phase diagram of the random zigzag ladder. The
Large Spin phase dominates most of the parameter spae.
There is a universal region (the shaded area) for 1 . Λ . 2.5
and 0 . α . 0.6 haraterized by z ≈ 1/0.15. There is also
a tiny region for very small values of Λ (see the inset), where
the system is in a Random Singlet phase.
Based on the behavior of the dynamial exponent z, we
an determine the phase diagram of the random zigzag
ladder, as shown the Fig. 8. The Large Spin phase is
dominant in most of the (α,Λ) parameter spae. In this
phase, the low energy physis of the system is governed
by a xed point where the mean size of the spin lus-
ters grows when the energy sale is lowered, and they
are weakly oupled. The distribution of link exitations
gaps is not universal exept in the shaded region. This
7universal region in the Large Spin phase is harater-
ized by a dynamial exponent z ≈ 1/0.15. The ther-
modynami properties are well known:
5
the spei heat
C ∼ T 1/z| lnT | and there is a Curie-like magneti susep-
tibility χ ∼ T−1. The average spin-spin orrelation fun-
tion deays in a logarithmi manner.
6
In addition to this
phase, there is a tiny region where the system is in a RS
phase (where z → ∞, see the inset of the Fig. 8). Here,
the low energy physis is governed by a universal innite
randomness xed point. The spei heat C ∼ −1/ ln3 T ,
the magneti suseptibility χ ∼ 1/
(
T ln2 T
)
, the mean
orrelation funtion Cm(r) ∼ r
−2
, and the typial orre-
lation funtion Ct(r) ∼ exp
{
−r−1/2
}
.
2
This phase was
previously identied in Ref. 10, although its preise loa-
tion diers somewhat from our results. We attribute this
dierene to nite-size eets and the dierent methods
used for the haraterization of RS behavior.
IV. ANOMALOUS DISORDER DEPENDENCE
OF z IN THE ZIGZAG LADDERS
An intriguing aspet of the data shown in Fig. 6 is
the fat that z dereases as the initial disorder strength
α is inreased, for Λ < 1 and α < 0.6 (solid lines of
Figure 6). This behavior is unexpeted sine the weaker
the initial disorder is, the stronger is the nal eetive
one. As we will show, this anomalous behavior an be
simply understood by analyzing the limiting behavior as
Λ→ 0.
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Figure 9: Shemati deimations at the earliest stages of the
RG.
Let us start by writing down the eetive ouplings
generated by the deimation proedure in its earliest
stages when all the spins are spin-1/2 and the ouplings
are AF (see Fig. 9). Let us assume that the oupling
between spins S3 and S4 is the largest one in the sys-
tem, i.e., Ω = J34. After the deimation step, both spins
are removed from the system beause they are eetively
frozen in a singlet state. The remaining spins are ou-
pled with renormalized interations as follows. The nn
ouplings are
J˜12 = J12 −
K13 (J23 −K24)
2Ω
,
J˜25 =
(J23 −K24) (J45 −K35)
2Ω
,
J˜56 = J56 −
K46 (J45 −K35)
2Ω
,
the nnn ones are
K˜15 =
K13 (J45 −K35)
2Ω
,
K˜26 =
K46 (J23 −K24)
2Ω
,
and a third-nearest-neighbor oupling between spins S1
and S6 is generated
L˜16 =
K13K46
2Ω
.
First, we analyze the limit Λ ≪ 1. In this ase, it
is easy to see that the renormalized nn, nnn, and 3rd
nn ouplings are of order O(Λ0), O(Λ1), and O(Λ2), re-
spetively. Thus, if we neglet the 3rd nn oupling, the
original form of the Hamiltonian is reovered, and the
nn ouplings remain stronger than the nnn ones. No FM
oupling is generated and as the energy sale is lowered
the nnn ouplings vanish faster than the nn ones. The
system ows to a random AF spin-1/2 hain in a RS
phase. This sheme breaks down when a nn FM ou-
pling appears leading to frustration. Among the three
nn renormalized ouplings, J˜25 is the most likely to be
FM with probability given by
P
(
J˜25 < 0
)
= 2P (J23 < K24)P (J45 > K35)
= 2
{∫ Λ
0
PJ (J)
[∫ Λ
J
PK (K) dK
]
dJ
}
×
{
1−
∫ Λ
0
PJ (J)
[∫ Λ
J
PK (K) dK
]
dJ
}
= Λ1−α
(
1−
1
2
Λ1−α
)
.
As expeted, this probability is greater, the greater Λ
is, sine Λ governs the strength of frustration. But note
also that it inreases with α. As more FM ouplings
are produed, the RG ow tends to deviate from the RS
phase. As a result, the dynamial exponent will tend
to be smaller. This explains the anomalous behavior we
have found.
In the opposite limit (Λ ≫ 1), this piture no longer
holds. Suppose that Ω = K35. In this ase, the renor-
malized oupling between spins S2 and S4 is now a nn
one
J˜24 = K24 +
J23(J45 − J34)
2Ω
,
8while the nnn oupling between S1 and S4 is
K˜14 =
K13(J45 − J34)
2Ω
.
It is lear that in this ase the nn oupling tends to in-
rease and the nnn one has a better hane of beoming
a FM oupling in the earliest stages of the RG ow. This
will rapidly enhane the frustration of the system and
drive it away from the RS phase. In this limit, we expet
the RS phase only at Λ−1 = 0.
The ompeting tendenies at small and large Λ lead
to a minimum value of z (Figs. 6 and 7). The presene
of this minimum partially explains the universal region
where z is approximately onstant at ≈ 6.7 (Fig. 6).
A similar type of reasoning an be used to analyze the
ase of orrelated disorder onsidered in Ref. 10. This is
disussed in Appendix B.
V. CONCLUSIONS
We have studied random AF two-leg and zigzag spin-
1/2 ladders using the real spae renormalization group
method of Ma, Dasgupta and Hu. We have determined
the omplete phase diagrams of these two general models
in great detail by alulating the dynamial exponent z
and the range of low-energy eetive interations. The
two-leg ladders show a gapped disordered Haldane re-
gion with a random dimer nature and a gapless Griths
phase, but no random singlet phase. The zigzag ladder,
on the other hand, an be either in a random singlet
phase or a large spin phase.
One of our main ndings is that throughout their phase
diagrams these two models lead to eetive low-energy
models with nearest neighbor interations only. This sim-
pliation had been notied before in onnetion with the
zigzag ladders.
10
Our alulations onrm those results
and generalize them to the two-leg ladders. Furthermore,
by analyzing the struture of odd and even links in the
ase of the two-leg ladders and the saling with energy
of the large lusters of spins in the ase of the zigzag
ladders, we have been able to show the low-energy equiv-
alene of these systems to the random dimerized AF spin
hain and the random hain with AF and FM intera-
tions, respetively. The low-energy equivalene between
random systems with further neighbor yet short-ranged
interations to systems with nearest neighbor intera-
tions only is likely to hold in general. However, there re-
mains the possibility that one-dimensional models with
longer ranged interations are not deimated down to
nearest neighbor spin hains in the proess of the RG.
10
It would be interesting to determine the ritial range
beyond whih suh simpliation does not our.
While the zigzag ladder ould be related to the random
hain with both AF and FM hains, we have shown that
their phase diagrams do not ompletely overlap. Indeed,
the latter system has a universal xed point at weak dis-
order (with z ≈ 2.27)5 whih is inaessible to the former.
The zigzag ladder, on the other hand, has a region of pa-
rameter spae with a new universal behavior: for initial
distributions less singular than PJ (x) ∼ PK (x) ∼ x
−αc
,
with αc ≈ 0.6, and for 1.0 . Λ . 1/0.4, the dynam-
ial exponent is always z ≈ 6.7. This ritial disorder
strength αc is omparable to the one found in the ran-
dom AF and FM hain,
5
although we see no other sim-
ilarities between these two regimes. We have been able
to nd a rough explanation for this universal behavior
by asribing it to ompeting tendenies whih reate a
shallow valley where z is approximately onstant. It is
possible that the universal regime of Ref. 5 has a similar
origin.
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Appendix A: THE CALCULATION OF THE
DYNAMICAL EXPONENT z
In this appendix, we would like to omment on our
method of alulation of the dynamial exponent z. A
ommon proedure, frequently used in the literature, is
to deimate the system until one pair of spins is left.
One an then alulate the exitation gap of this last
dimer (the rst gap ∆1). By repeating this proedure
for dierent realizations of disorder one an obtain the
distribution of rst gaps. The dynamial exponent is
obtained by tting the behavior at small ∆1 to the power
law in Eq. (3).
8,18
This is shown in Fig. 10(a). Another
option is to alulate the density of `ative' spins ρ at the
sale Ω. The dynamial exponent z is then obtained from
its denition, through the relation between the length
sale l ∼ ρ−1 and the energy sale Ω
ρ ∼ Ω1/z. (A1)
This seond method is exemplied in Fig. 10(b), and
the agreement is exellent. While the methods are equiv-
alent it should be pointed out that the seond method is
omputationally muh faster, as a single realization of a
large hain is suient for the determination of z. In our
alulations, we have hosen to use the seond method.
This was atually ruial in the ase of the zigzag ladders,
where the asymptoti behavior an only be obtained with
very large system sizes,
8
rendering the rst method very
ineient. This need for large sizes is due to the presene
of long-range orrelations in these systems
6
as opposed
to the exponential dependene of the two-leg ladders.
9
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Figure 10: The alulation of the dynamial exponent z. (a) The distribution of rst gaps ∆1 using 50,000 realizations for
N=100, 150, and 200, is tted to log
10
P (− log
10
∆1) = const. + (1/z) log∆1, and (b) z is diretly alulated from log10 ρ ∼
const. + (1/z) log
10
Ω, where we used N=200,000. The data are from the deimation of a single hain. We veried that the
variation with respet to other realizations of disorder is less than 1%.
Appendix B: ZIGZAG LADDERS WITH
CORRELATED DISORDER
Yusuf and Yang have also onsidered the ase of zigzag
ladders with orrelations between the random nn and
nnn ouplings.
10
They have onsidered nn ouplings dis-
tributed aording to Eq. (2a) and nnn ouplings given
by
Ki = Λ
JiJi+1
Ω0
.
Their analysis identied a RS phase for Λ < 0.5, and a
LS phase for 0.5 < Λ < 1.0.
We an qualitatively analyze this ase along the same
lines as in Se. IV. Suppose Ω = J34 in Fig. 9. Using the
above denition of Ki in the earliest stages of the RG
ow (when Ω ≈ Ω0), we have
J˜25 = (1− Λ)
2 J23J45
2Ω
,
K˜15 = Λ
′ J12J˜25
Ω
,
K˜26 = Λ
′ J˜25J56
Ω
,
where Λ′ = Λ/(1 − Λ). Negleting the 3rd nn oupling
and the renormalization of J12 and J56, the new Hamil-
tonian has the same form as the original one, exept
for the fat that the anisotropy parameter for K˜15 and
K˜26 has been renormalized. In the rst RG deimations,
no FM ouplings an arise. However, in a seond run
there is a nite probability for FM ouplings to appear
if Λ′ > 1. This happens if Λ > 0.5. The presene of FM
ouplings introdues frustration whih is the mehanism
that drives the system away from the RS phase towards
the LS phase.
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